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1. Introduction

We study the boundedness of Calderén-Zygmund singular integral operators in general
class of extrapolation Banach function lattices over the so-called spaces of homogeneous
type (i.e., quasi-metric measure spaces with doubling measure). We note that singular
integral operators appear in applications of many areas of analysis, including Harmonic
Analysis, complex function theory, and PDE. One of the most important examples of sin-
gular operators is the Hilbert transform, which arises in the Fourier analysis, in problems
concerning almost everywhere convergence of Fourier series as well as in the potential
theory. In the study various operators on different function spaces, maximal functions
are used for controlling pointwise estimates of these operators including the Poisson inte-
gral operator or other even more complicated singular operators. The Hardy—Littlewood
maximal operator in its various forms plays a fundamental role in Harmonic Analysis.
We recall that for a locally integrable function f on R"™ the classical Hardy—Littlewood
maximal operator is defined by

M (@) = sup Tc12| Q/ F@)ldy, @R,

where the supremum is taken over all the cubes () with sides parallel to the axes and Q)
is the volume of |Q)|.

The most fundamental singular integral operator is the Hilbert transform H. Given
a function f in LP(R) with 1 < p < oo, H f is defined by the principal value integral

Hf(x) = %p.v./g(—_yidy = llim / Mdy, x €R.
R

T e—0 T =Yy
{le—y|>e}

It is well known that this limit exists in the sense of both L? norm and pointwise almost
everywhere. An n-dimensional analogue of the Hilbert transform are the Riesz transforms
R;j, 1 < j <n given by

I((n+1)/2)

. Tj—Yj n
Rif(z) = — Gz lim / ‘Jijf(y)dy, x=(x1,...,2n) €ER

e—0 x — gyt
{lz—y[>e}

for all f in Schwartz space S(R™).

A natural generalization of the Hilbert transform is a Calderén—Zygmund singular
integral operator on R™ with kernels which satisfy decay and smoothness conditions.
Recall that a Calderon—Zygmund singular operator T is a linear operator that is bounded
in L?(R™) and

Tf(z) = / K(z,9)f () dy, e LPR™), o ¢ supp,

R~
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where the kernel K satisfies the size and smoothness estimates for some C > 0 and
v >0,

[K(2,y) , TFY,

| < ——
|z —y|"

and

’ ’ |x — I’V
|K(z,y) — K(z',y)| + |[K(y,z) — K(y,2")| < CW
for all z, 2/, y € R™ with |z — y| > 2|z — 2’|. We note that every Calderén—Zygmund
operator is bounded in LP(R™) for all 1 < p < oo.
Recently there has been interest in the study the boundedness of Calderén—Zygmund

'

singular integral operators and the Hardy—Littlewood maximal operator in various func-
tion spaces over spaces of homogeneous type. This has been motivated by the applications
to the nonlinear potential theory on metric spaces (see [6]). We note that homogeneous
spaces extend Euclidean spaces, and include C°° compact Riemannian manifolds and
Carleson curves.

Interpolation and extrapolation theories deliver powerful methods in the study of ab-
stract spaces as well as operators on these spaces. Without going into too much details,
let us just point out that the general extrapolation theory studies natural limiting spaces
associated with various interpolation scales and provides estimates for norms of appro-
priate operators. Many known constructions or results on boundedness of operators are
the by-products of abstract machinery connected with the interpolation or extrapolation
methods. For some remarkable applications of theory extrapolation theory, we refer to
Jawerth and Milman paper [16] and also to the recent paper by Astashkin and Milman
[5]. We mention also the papers [4] and [9] regarding some open problems and latest
results about grand Lebesgue spaces and extrapolation.

Nowadays, the theory of grand Lebesgue spaces LP) introduced by Iwaniec and Sbor-
done [15] is one of the intensively developing directions of the modern analysis. As we
will see, these spaces are in fact extrapolation spaces generated by a special family
of L,-spaces. The necessity for the study of these spaces was recognized due to their
rather essential role and applications in various fields. In [15] the authors prove that if
=001, fn): © — R™ belongs to Sobolev space W1 where  is an open subset in
R™ with n > 2, then the Jacobian determinant of f: J(f,x) := detD f(z) > 0 belongs
to LL () whenever g € L™, where g(x) := |Df(z)| is the operator norm of Df(z),
z e R™

It turns out that the generalized grand Lebesgue spaces are appropriate in the theory
of PDEs for studying the existence and uniqueness of solutions, and, the regularity prob-
lems for various nonlinear differential equations. The space LP)? (defined on bounded
domains in R™) for arbitrary positive § was introduced in the paper [12], where the
authors study the nonhomogeneous n-harmonic equation div A(z, Vu) = p.
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We also note that the boundedness of the Hardy-Littlewood maximal operator in
weighted grand spaces LZJ,)([O, 1]), 1 < p < oo, which was studied in [10], is equivalent
to the fact that the weight belongs to the Muckenhoupt’s class A,([0,1]). The same
statement is true for the boundedness of the Hilbert transform on [0, 1] (see [20]).

The purpose of this work is to establish the boundedness of Calderén-Zygmund sin-
gular integral operators in a general class of extrapolation Banach lattices over spaces
of homogeneous type. The paper is organized as follows. In Section 2 we provide the
definitions and basic facts that will be used in the paper. In Section 3 we investigate
the boundedness of the Hardy—-Littlewood maximal operator in extrapolation Banach
function lattices and their Kothe dual spaces over spaces of homogeneous type. These
results, combined with a variant of the integral Coifman—Fefferman inequality, imply
that every Calderén—Zygmund singular operator is bounded in considered extrapolation
spaces. In the final Section 4, we show the applications to extrapolation spaces generated
by compatible families of Calderéon—Lozanovskii spaces. We also define general variants
of grand spaces generated by a special type of Calderén—Lozanovskii spaces called in lit-
erature p-convexification of Banach function lattices. We prove some general results on
the boundedness of Calderén—Zygmund singular operators in extrapolation spaces gen-
erated by the families of Orlicz spaces with measure having the density weight function
in the A, class for some 1 < p < oo. In particular, we prove that in the case of grand
Orlicz—Zygmund spaces L’JJ) 9 log® L over spaces of homogeneous type with integrable
weight w € A, any Calderéon—Zygmund singular operator is bounded in these spaces for
all a, 8 > 0.

2. Notation and background

Through the paper, we use the standard notation. In particular, given two nonnegative
functions f and g defined on a set A, we write f < g, if there is a constant ¢ > 0 such
that f(t) < cg(t) for all t € A, while f < g means that f < g and g < f hold. If X and
Y are topological linear spaces, then X — Y means that X C Y and the inclusion map
is continuous. In the case where X and Y are Banach spaces, we write X =Y whenever
X =Y and the identity map id: X — Y is an isometry onto.

Let us recall some basic definitions, and begun with the definition of extrapolation
spaces which has roots in interpolation theory (see [3], [22, pp. 16-18]). Let {X4}aca
be a family of Banach spaces. A family {X,}ac is said to be compatible if there exists
a Hausdorff topological vector space X such that X, <— X for all a € A.

For given two compatible families {X,} = {Xo}taeca and {Yo} = {Ya}taeca with
Xo C X and Y, C Y, we write T: {X,} — {Y,} if T is a linear mapping with domain
D(T) € X and such that its restriction T|x,_: Xo — Yq is bounded for every o € A,
and moreover, supye 4 || T x,—v, < 0o. Banach spaces X C X and Y C Y are called
extrapolation spaces with respect to the families {X,} and {Y,} of compatible spaces if
the condition T: {X,} — {Y,} implies that T is bounded from X into Y.
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By an extrapolation method £, we mean a functor defined on a class of compatible
families such that £({X,}) and E({Ya}) are extrapolation spaces for all compatible
families { X, } and {Y,} from that class.

The most important extrapolation methods are the functors of the sum and the in-
tersection of families of Banach spaces.

Let {X,} := {Xa}aca be a compatible family of Banach spaces such that there exists
a Banach space X C X, for all & € A and sup,¢ 4 ||id: X — X, < oo, we let

A({Xa)) = {:r € [ Xai Izllacx.) = sup [|l2llx, < oo}.
acA acA

Then (A({Xa}), |l - llacx.) is a Banach space with the following properties:

(a) supaeq llid: A({Xa}) = Xaof < 1.
(b) If F' is a Banach space such that F' — X, and ¢ = sup,c 4 [lid: F = X,| < oo,
then |lid: F = A{X. D <e.

In the case where { X, },c4 is such that there exists a Banach space Y with X, — Y
and sup,c 4 [id: Xo — Y| < oo, then we let ¥({X,}) to be a space of all 2 € X
representable in the form

= Z To (o € Xo), where Z lzallx, < oco. (%)
acA a

It follows from the last condition that there are only countably many summands in
YacA T different from zero. Note also that our hypothesis implies that the series
YaeA To converges absolutely in Y. We equip the space (X, ) with the norm

lzlls(tx.y) = inf{ S llzallx;z =3 :ca}7

acA acA

where the infimum is taken over all possible representations of = in the form (). Then
Y({Xa}) is the smallest Banach space with the property X, — X(X,) for every o € A.

Throughout the paper for simplicity of notation, we often write A(X,) and X(X,)
shortly instead of A({X,}) and X ({X,}) whenever { X, }ac.a is a fixed compatible family
of Banach spaces.

We consider functors A and ¥ generated by families of Banach function lattices. In
what follows we use standard notation from Banach space theory and operator theory. If
(2,3, u) is a o-finite measure space, L°(1) = L°(€, 1) denotes the space of (equivalence
classes of) p-measurable real-valued functions. As usual LY(u) is equipped with the
topology 7, of convergence in measure on y-finite sets. A linear subspace X of LY(p)
is called an (order) ideal whenever f € X, g € L°(u), and |g| < |f| p-a.e., imply that
g € X. An order ideal X C L°(u) equipped with a monotone norm ||-| is called a normed
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function lattice in L°(u). If the normed (function) lattice X is norm complete and there
exists u € X such that u > 0 on Q, then X is called a Banach function lattice in L%(p).
A Banach lattice X is said to have the Fatou property (resp., weak Fatou property) if its
unit ball By is closed in L°(u) (resp., in (Bx, Tu|By))- It is well known that the Fatou
property (resp., the weak Fatou property) is equivalent to the following property: for any
f € L°(u) and a sequence f,, € X such that 0 < f,, < f, fu 1 f a.e. and sup || fo|| g < oo,
we have that f € X and ||fnllx = ||fllx (vesp., if fu,f € X, 0< f, < f, fu T [ ae,
then || fnlx — [[fllx)-

We note that any family {X, }aec4 of Banach function lattices in L%(p) forms a com-
patible family by any Banach lattice X < L%(u) (see, e.g., [18,22]).

The Ko6the dual space (or associate space) X’ of a Banach function lattice X on
(2,3, u) is defined as the space of all f € L such that fQ |fg|ldp < oo for every g € X.
It is a Banach function space in L°(u) equipped with the norm

Ifllx = sup ‘/fgdu‘.
geEBx &

Without further references we use the well known fact that a Banach function lattice
X C L%(p) has the weak Fatou property if and only if (see, e.g., [23] or [18])

1Fllx = v

/fgdu( fex.

We consider Banach lattices on a quasi-metric measure space with doubling measure.
Let (Q,d) be a quasi-metric (that is, d satisfies the axioms of a metric except for the
triangle inequality, which holds in the weaker form d(z,y) < x(d(x, z)+d(z,y)) for some
k > 1) and a positive measure p that is defined on the o-algebra generated by quasi-
metric balls and open sets. We say that (2, d, 1) is a space of homogeneous type (SHT
for short) if there exists a constant D, > 1 such that for any z € X and any r > 0,

w(B(z,2r)) < Dy w(B(z, 7)),

where B(z,r) := {y € Q; d(x,y) < r} is the ball centered at x with radius r. The family
of all balls in (€2,d) is denoted by B. To avoid trivial measures, we always assume that
0 < u(B) < oo for every ball B € B. Consequently, i is a o-finite measure. We also
assume that p is a complete measure.

We also recall some fundamental definitions and results concerning the classes of
weights that are related to our investigation. Let (£,d,u) be an SHT and let w €
LY(Q, 1) be a weight function. We say that w belongs to the class A,(Q) (A, shortly)
for 1 < p < o if it satisfies the condition:

b= g (i [ o) (i [ o 7r) <
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A weight w is said to belong to the class A; if there exists a constant C' > 1 such that
Mw < Cw p-a.e.,

where M is the Hardy-Littlewood maximal operator defined for every f € L{ (Q,u)
(i.e., f is integrable over all balls B in Q) by

o XB(2)
Mf(x) .—]s;é% 1 (B) B/f|du, x €.

The smallest possible constant C' is denoted by [w] 4,, i.e.,

w(zx)

Following [11], we also consider the class AL  of weights w such that

[w] 4, := esssup,cq

1
[w]ay, = Sup mB/M(MXB) dp < oo.

3. Calderén—-Zygmund operators in extrapolation spaces

In this section we investigate the boundedness of maximal and Calder6n—-Zygmund
singular operators in extrapolation Banach function lattices on spaces of homogenous
type.

Before starting with the proofs, we recall that if (€, d, u) is a space of homogenous
type, then K: Q x Q\ {z = y} = Q is a Calderdn—Zygmund kernel if there exist n > 0
and C' > 0 such that it satisfies the decay condition:

C

|K (20, y)| < (o, d(x0,v))

for all zg £y € Q, 29 € Q, x € Q, and the smoothness condition:

SRS

K (2,9) — K(z0,9)| < (

(337370

))77
(z0,y) ) w(wo,d(x0,y))

(z, x0)>n 1
(x0,y) ) w(wo,d(x0,y)) ’
1

[SHESH

K (y,2) — K(y,20)] < (

for d(zg,x) < nd(zo, y).
Let T be a singular integral operator associated with Calderén—Zygmund kernel K.
In addition, if T is bounded in L?(u), then T is a Calderén—Zygmund singular operator.
We need a variant of Coifman—Fefferman type inequality, which estimates Calderén—
Zygmund operator from above by a maximal function.
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Proposition 3.1. Let T be a Calderén—Zygmund operator on an SHT (Q,d,u) and let
l<p<oo. Ifwe A,(Q), then for all f € Ll (1),

loc

[ 12w < Cluls, [5)wdp,
Q

Q

where C' is a constant that depends on Q, p and T'.

Proof. By using the formula of Lerner proved in the homogeneous setting for dyadic
maximal operator MP, in [2] it was shown in (see [1, Prop. 4.1]) that, for all f €
L (Q, i), we have

[T fwdn < rluls, [Or2wds
Q Q

where C] is an absolute constant that, generally speaking, depends on 7. To get the
desired result, it is enough to apply the following pointwise inequality which concerns
the maximal operator M and its dyadic counterpart M (see [13, Prop. 7.9]),

MPf(x) < C:Mf(x), w€Q, [f€ Le(Qn),
where the positive constant Co = C5(2, 1, T') depends only on , pand T. O

The following Lemma is indeed well known in the case of Banach function spaces over
R"™ with Lebesgue measure; based on Proposition 3.1, we include a proof for the sake
of completeness in the setting of Banach function lattices over spaces of homogeneous
type.

Lemma 3.2. Let (2, d, 1) be an SHT and let X C Li (Q, ) be a Banach function lattice
with the weak Fatou property. Suppose that the mazimal operator M is bounded in X
and X'. Then Calderén—Zygmund singular integral operator T is bounded in X with

1Tl x < CIM|x|[M|x,
where C' is a constant that depends on Q, u and also on T'.

Proof. We use the well known Rubio de Francia iteration algorithm to construct A;
weight with some properties, which also works in the setting of general Banach function
lattices. Define a mapping R on X’ by the formula:

=1 MFkg
Rg:=S - —— 9 X/
9372 o e 96N
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where, for each k > 1, M* denotes the k-th iteration of the maximal operator M and
Mg = |g].

Following the standard proof due to Rubio de Francia, we deduce (by boundedness of
M in X’) that R is bounded in X’ with ||Rg|lx' < 2|lgllx, |g] < Rg and Rh € A; with

[Rgla, <2[|M|x.

Fix € > 0. Since X has the weak Fatou property, for every f € X there exists g € Bx/
such that

ITfllx < (1+€)/\Tf|\g\du.
Q

The Rubio de Francia iteration algorithm combined with Proposition 3.1 yields (by
the above properties of Rg in A; and the fact that [Rg]a, < [Rg]a, for all 1 < p < o0):

ITflx < (1+e) / ITf|Rgdp < e(1 + )[Ryl a, / (Mf)Rg du
Q Q

<21+ 9)| M [(M)Rgdp,
Q

where ¢ is a constant that depends on , 1 and on T'. Consequently, we obtain that for
all fe X,

ITfllx < 2¢(1+e)[Mfllx|Rgllx < C(L+e)[[M]x [IM][lx | flx
where C' = 4c. Since € > 0 was arbitrary, the required statement follows. 0O

We need the following proposition.

Proposition 3.3. Let X C L°(Q1,%,pu) and Y C L°(Q,¥5,v) be Banach function lat-
tices. Suppose that a mapping S with a domain D(S) D X" is such that |Sf| < S|f| a.e.
forall f € X and 0 < Sg,, T Sg a.e. for any sequence (g,) in X with 0 < g, T g a.e.
If S is bounded from X toY with |Sf|ly < C| fllx for all € X, then S is also bounded
from X" to Y with ||Sf|ly» < C||f|lx» for all f € X".

Proof. We apply the following well known fact (cf. [29, pp. 451, 471]): If E is a Banach

function lattice, then g € E” if and only if there exists a sequence (g,,) of elements of E,
such that 0 < g, 1 |g| a.e. and sup,,>; ||gn||E < oo. Moreover for g € E” we have

llgllg = inf{ lim ||gnlle; 0<gnTyg a.e.}.
n— o0
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Next, we fix f € X", and take any sequence (f,,) in X, such that 0 < f,, 1|f] a.e. and
sup,, || fnllx < oo. Then our hypotheses imply that 0 < Sf, T Sf a.e. (by Y — Y with
[lid: Y = Y"|| <1)and

sup [[Sfully» < sup[[Sfally < Csup [[fullx = C lim ||fu]lx.
n>1 n>1 n n—r00
Clearly, Y has the Fatou property. Thus S|f| € Y and, we get (by |Sf| < S|f| a.e.)
1Sl < IS flllve = tim [Shllye < C T [[fullx.
Since (f,) in X was arbitrary, the required estimate follows from the mentioned fact. O
We have the following corollary.
Corollary 3.4. Let (Q,d, ) be an SHT and let X C Li _(Q,u) be a Banach function
lattice. Suppose that the maximal operator M is bounded in X with ||M|x < C. Then

M s also bounded in X" with ||M|x» < C.

Proof. Observe that for any sequence (f,,) in Li,.

(Q, ) with 0 < f,, 1 f a.e., it follows
from the Lebesgue’s monotone convergence theorem that

n—»00 n>1 \ Bes (D)

im n)(x) =sup | su xp(@) n
lim M(f,)() p( p 22 !|f|du)

(28t ) e

for all x € Q. Since the domain D(M) D X" and Mf = M|f| for all f € D(M),
Proposition 3.3 can be applied. O

= sup
BeB

We are now ready to state extrapolation theorem for Calderén—Zygmund singular
integral operators.

Theorem 3.5. Let (Q,d, 1) be an SHT and let {Xo} = {Xa}aca be a compatible family
of Banach function lattices with the Fatou property, such that X C Ll .(Q, u) for every
a € A. Suppose that the Hardy-Littelwood mazimal operator M: {X,} — {Xa} and
M:{X.} = {X.}. Then every Calderén—-Zygmund singular integral operator is bounded

in the extrapolation space A({X4}).

Proof. Tt is easy to check that for any f € X({X/}), we have

sy = inf{ S allxg: 171< S 1l }

acA acA
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This implies that M is bounded in X(X/,). Then by Corollary 3.4, it follows that M is
bounded in X({X/})”. Combining the Kéthe duality formula A({X/}) = X({X.})" (see
[26, Lemma 1]) with the Fatou property of X, for all a € A yields

A(fXa}) = AR(XL) D = 2({ X"

Thus, we conclude that M is bounded in A({X,})".
Clearly, M is bounded in A({X,}) and A({X,}) has the Fatou property. To complete
the proof, we apply Lemma 3.2 to X := A{X,}). O

4. Applications to Calderén—Lozanovskii extrapolation spaces

We define variants of grand spaces generated by a special type of Calderén—
Lozanovskii spaces called the p-convexification of Banach function lattices in litera-
ture. We start with some basic definitions related to these spaces. Let X = (Xo0,X1)
be a couple of Banach function lattices on a measure space (,%, ) and U denote
the set of all non-negative, concave and positively homogeneous continuous functions
@: [0,00) x [0,00) — [0,00) such that ¢(0,0) = 0. Then the Calder6n—Lozanovskii con-
struction or the Calderén-Lozanovskii spaces ¢(X) = ¢(Xo, X;) consists of all f € L(y)
such that | f| < Ao(| fol, [ f1]) for some A > 0 and f; € X; with || f;]|x, <1, =0,1. The
spaces ¢(X) are Banach ideal spaces on 2 equipped with the norm

£l gy = inf A > 05 [F] < Ae(lfol, [£1Ds Mfollxe <1, If1llx, < 1}

(see [24]). In the case of power functions o(s,t) = s'=9¢% for s,# > 0 with 0 < 0 < 1,
the corresponding spaces ¢(X) are the well known Calderén spaces X379XY (see [8])).
In the particular case, we have X'=9(L>*)? =2 X®) with p = 1/(1 — 6), where X®) is
known as the p-convexification of X (see [23, p. 53]) equipped with the norm

Iflxor = [IIFP]17, fex®.

In what follows {X,}aca and {Y,}aca are families of Banach lattices and S is a
mapping (not necessarily linear) such that S: X, — Y, with sup,c 4 [|S||x. >y, < 00,
where as usual |[S|x,-v. = supep, 57|y,

It is well known and easy to verify that Calderén—Lozanovskii construction interpo-
lates positive operators (see [28]). The similar proof verifies that if a positive sublinear
T: Xo+ X1 — Yy + Y7 such that T|Xj: X; — Y, is bounded for both j =0 and j =1,
then T is bounded from p(Xg, X71) to ¢(Yp, Y1) with

||T||4P(XO7X1)4N0(YUaY1) < ]IE%,% ||T‘Xj HXJ—>Y3
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We are ready to state and prove the result on the boundedness of the Calderén—
Zygmund singular operator in extrapolation spaces generated by an extrapolation functor
A defined for compatible families of Calderéon—Lozanovskii spaces over SHT.

Theorem 4.1. Let (2, d, 1) be an SHT and let {XJ} := {XJ}oeca be a compatible family
of Banach function lattices with the Fatou property, such that X3 C L _(Q,u) for all
a € A and each j € {0,1}. Suppose that the corresponding Hardy-Littlewood mazimal
operator is bounded, M : {X7} — {X2} and M : {(X2)'} — {(X2)'} forj € {0,1}. Then
any Calderén—Zygmund singular integral operator T is bounded in A({(pa (X9, Xi)}) for

any family {¢a}taca of functions in U with sup,e 4 ¢a(l,1) < c0.

Proof. Since the inclusion maps idy: X N XL — o (X2, X1) are bounded with
sup [lida | < sup ¢a(1,1),
acA acA

it follows that {(pa(Xg,Xé)}a ¢4 forms a compatible family of Banach lattices. Next
observe that our hypotheses combined with the interpolation property of Calderén—
Lozanovskii spaces yields that the maximal operator M is bounded in ¢, (X2, X1) for
all o € A with

sup (1M, (xg x2) < max { sup [|M]xg, sup [ M]x; } < oo.
acA acA acA

Hence M is bounded in the extrapolation space A({¢a (X2, X2)}).

Now we use Kothe duality result due to Lozanovskii ([24]), which states that for any
couple (X,Y") of Banach function lattices on measure space (S, X, 1) and for any ¢ € U,
we have o(X,Y) = @(X’,Y”’), with universal constants of equivalence norms that do
not depend on ¢ and (X,Y’). More precisely we have

I ey < - llexyy < 20 gy
Here ¢ € U is an involution of ¢ defined by

?(s,t) :inf{%; a7()>0}7 s,t > 0.

This duality result combined with our hypothesis M : {(X2)'} — {(X72)’} for both j =0
and j = 1 implies that

M: {(Pa(X?w Xé)’} — {(IDQ(XSU Xé)/}'

To conclude we observe that the proof of Lemma 4.1 in [17] yields that, for any couple
(X,Y) of Banach function lattices and ¢ € U, (X, Y) has the weak Fatou (resp., Fatou)



V. Kokilashvili et al. / Journal of Functional Analysis 279 (2020) 108735 13

property whenever both X and Y have the weak Fatou (resp., Fatou) property. To finish

it is enough to apply Theorem 3.5 for the family {X,}aca = {@a(Xg,Xé)}aeA. 0

We also recall the definition of Orlicz spaces which are strictly connected with
Calder6n-Lozanovskii spaces. Let ®: [0,00) — [0,00) be a non-decreasing, convex and
left-continuous function, not identical 0 on (0, c0), with ®(0) = 0. Let ¢ € U be defined
by (s, t) =t®1(s/t) if t > 0 and 0 if t = 0, where ®~! is the right continuous inverse
of ®. Then, for every Banach function lattice E in L°(Q, ¥, i), the Calderén-Lozanovskii
space ¢(E, L>) coincides isometrically with the space

Eg = {f € L°(n); ®(|f|/A) € E for some X > 0}

equipped with the norm

£l 2o = inf {A > 05 [|@(|f|/N)]lp < 1}

In particular, if E := L(u), we recover the Orlicz space Lo (1) (Lo shortly).

In what follows for a given Banach space (X, || - ||x) and ¢ > 0, we let tX to be the
Banach space X equipped with the norm ¢ || - || x. Now we are ready to give the definition
of general variants of grand spaces.

Let p € (1,00) and let E be a Banach function lattice in L°(2, %, ). Assume that
w: (0,p—1) = (0,00) is such a function that {w(e)E(p_e)}Ee(o’p,l) forms a compatible
family of Banach spaces. Then the extrapolation space A({w(E)E(p’E)}EE(O’p,l)) is called
a grand space (on (Q, %, 1)) and is denoted by wEP). From our discussion in the previous
section, we know that wEP) is a Banach function lattice in L°(u) equipped with the
norm

[ fllopn = sup w@flpw-o, fE€wEP.
e€(0,p—1)

If w is a weight on 2, then the grand space defined with respect to the measure wdy is
denoted by wEﬁ) (or by wEP) (wdp)). Whenever we mention the grand space wEP)| we
always assume that {w(E)E(i"_E)}EG(OJ,,l) forms a compatible family.

We note that if ¢p: (0,p — 1) — (0,00) is a continuous function that is non-decreasing
on (0, 9] for some gy < p—1, and satisfies the condition ¢(s) — 0 as s — 0+ and w(e) =
Y(e)¥/ =) for all € € (0,p — 1), then {w(e) E?®~9)} £ (g,p—1) form a compatible family of
Banach spaces. In this case the grand space is denoted by EP)¥. For Y(s) = s?, where
0 is a positive number, we denote EP)¥ by EP)Y. In the case E = LP(u) on Q = (0,1)
or € is a domain in R™ where p is the Lebesgue measure, we recover the classical grand
Lebesgue spaces intensively studied in the recent time (see [21] and references therein).

We need the following lemma.

Lemma 4.2. Let 1 < p < oo and let E be a Banach lattice in L°(Q2,%,v) such that
xa € E and let wEP) be a grand space such that SUP.¢ (c0,p—1) w(e) < oo. Suppose that S
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is a sublinear operator such that sup.¢ (g .,) W(€)[| S| gw-o < co. Then S is bounded in
the grand space wEP).

Proof. We use the well known inequality (see, e.g., [23, Prop. 1.d.2, p. 43], [22, p. 40])
which is true for any Banach lattice E over any measure space and which states that for
all z, y € £ and 6 € (0, 1),

1yl < Nl Iyl

If u,v,7 € (1,00) satisfy 1/r = 1/u+ 1/v, we conclude (by taking x = |f|* and y = |g|")
that fg € E0) for all f € E® and g € E™ with

If9llem < N fllgellgll g -

This implies that for v € (1,00) defined by 1/v := 1/r — 1/u where r := p — ¢ and
u = p — €9, the following estimate holds:

I fllgm-o < Ifllge--ollxallgam, f€ E(p=eo),

This combined with 1/v —1/u < a:= (p—1—¢0)/(p — &o) yields, in particular, that
for all f € WEP),

sup [|fllge-o < C(p,e0) wleo) | fll g0
e€(e0,p—1)

< C(p,e0) sup w(e)llfllzew-o,
e€(0,e0]

where C(p,gg) = (SuPse[so,p—l) %) max {1,[|xol/%}. As a consequence, it follows that

wEP) = A({W(S)E(p_s)}€€(07p,1)) = A({w(E)E(p_E)}EG(OM))

with

|- ||A({w(s)E(w>}Ee(o,am) < llwgn < Cpeo)ll - ||A({w(s)E<P*E)}56(0750))'
Clearly, this yields the required statement. 0O

We demonstrate the applications of obtained results for extrapolation spaces generated
by Orlicz spaces. Before we state the first lemma, we recall that a function p: [0,00) —
[0,00) is called quasi-concave if it is continuous and positive on (0,00), and satisfies
p(s) < max {1, %}p(t) for all s,t > 0. We use an obvious fact that every quasi-concave
function p has a concave majorant p given by p(t) := infs>o (14 £)p(s), which satisfies
p(t) < p(t) < 2p(t) for all t > 0.

We need somewhat technical lemmas.



V. Kokilashvili et al. / Journal of Functional Analysis 279 (2020) 108735 15

Lemma 4.3. Let p € (1,00) and let ¢ be an Orlicz function. The following statements are
true for an Orlicz function ® given by ®(s) := ¢(sP) for all s > 0:

(i) The following formula holds:
Xo = (X)),
(ii) There exists ¢ € U such that, for any Banach lattice X the following formula holds:
Xo = (X7, 1),

where the constants of equivalence of norms are universal and do not depend on p,
¢ and X.

Proof. (i). The proof of this isometrical formula is obvious so we omit it.

(ii). Fix p € (1,00) and let ®(s) := ¢(s?) for all s > 0. Then &~ 1(s) = ¢~ '(s)/? for
all s > 0. Since ¢! is a concave function, p(s) := ¢~ *(s?)'/P is a quasi-concave function.
This implies that ¢ € U, where ¢(0,0) := 0 and

o(s,t) :=tp(s/t), s,t>0.

We consider two functions g, @1 € U given by @q(s,t) := s'/Pt1=1/P for all 5, > 0 and
©1(0,0) := 0 and ¢ (s,t) := t®~1(s/t) for all s, > 0. Then we have

e(po(s,1),1) = p(s'/P,1) < p(s'/P) = p1(s,1), 5>0

with universal constants of equivalence that do not depend on p.
Now we use the special case of the so-called reiteration formulas (see [25]) which
states: If ©g, ¢1, ¢ € U, then for any couple (Xo, X7) of Banach function lattices

©(po(Xo, X1), X1) = ¢1(Xo, X1)

with equivalence of norms depending only on constants of equivalence ¢;(-,1) =
©(po(-,1),1). We use above formula with Xg = X, X; = L* and constructed ¢ to
obtain (by ¢o(X, L>®) = X®))

Xo =2 ¢1(X,L®) = p(XP), L)

with universal constants of equivalence that do not depend on p and X. This completes
the proof. 0O

Corollary 4.4. Let ¢ be an Orlicz function and let, for a given p € (1,00), ® be an Orlicz
function given by ®(s) = ¢(sP) for all s > 0. Then, there exists ¢ € U such that for any
measure space (2, 5, 1) the following formula holds:
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La(p) = L = o(LP (), L ()
with constants of equivalence of norms that do not depend on p.
We also need the following result.

Lemma 4.5. Let 1 < p < g < oo and let ® be an Orlicz function such that s — ®(s)/sP is
non-decreasing function and s — ®(s)/s? is non-increasing function. Then there exists
© €U such that, for any measure space (0,3, i),

Lo () = o(LP (), LU (n)),
with universal constants of equivalence of norms that do not depend on p, q and ®.

Proof. By conditions imposed on ®, it follows that s — ®~1(s)/s!/? is a non-increasing
and s — ®1(s)/ s'/4 is a non-decreasing function. These assumptions easily imply that
there exists a quasi-concave function p such that

O 1(s) = sl/pp(sl/q_l/p), s> 0.

(to see this it is enough to take p(s) := s"/P®~1(s7") for s > 0, where r := 1/p — 1/q).
Therefore, by setting ©(0,0) := 0 and ¢(s,t) = sp(t/s) for all s,t > 0, we get that (by
p<p<2p)

d1(s) < p(s'/P, s1/1) < 207 1(s) for all s > 0.

Hence, for X := (LP(u), L9(y)), the standard calculations yield (see [27, pp. 460-461))
that Lo (p) = o(X) with || - ||¢()?) < lee <2| - ||¢()?)' This completes the proof. O

In what follows we use two obvious properties of weights from the class A, with
1<p<oo:

(i) If 1 < p < oo, then w € A, if and only if w!~?" € A, and [wl’pl]Ap, = [wm;l;
(ii) If 1 <p < g < oo, then A, C Ay and [w]a, < [w]a,.

The first property easily follows from the definitions and that second one by the Holder
inequality.

We apply the so-called “openness property” for A, weights in L°(€,d, 1), where
(Q,d, ) is an SHT. In the remarkable paper [14], the authors explicitly compute an
admissible value of € > 0 such that any A, weight w belongs to A,_.. This result states
(see, [14, Thm. 1.2]): If w € A, for a given 1 < p < oo, then w € Ap_. with

p—1

E=———
1+ 7ipo]ar,

)
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where Ty, = 6(3262 (K2 4 K)2)Pr and 0 = w' "', Furthermore
[w]a, . <27 (48)7P [w]a,.

We also use the following estimate (see [14, Thm. 1.3]) of the norm of M in L?(w du)
where w € A,

1 1/p
M| Lo ) < Csz(ﬁ[whp [U]A;O> ;
where the constant Cg depends only on the doubling constant of the measure p and the
geometric constant k of the quasi-metric.
Notice that it follows by above estimate and property (ii) that, for every w € A, with
1 < p < oo, we have [0]a_ < cq [U]Ap, =cq [w]gp_l, where cq > 1 is also a constant that
only depends on the doubling constant of the measure p and the geometric constant x
of the quasi-metric. In consequence, Buckley’s type estimate follows (see [7] in the case
of Euclidean space R™):

1/p
1 T s =T
M2 2200 < Calen)? (25 ) ulf)T < e [ul”
The following theorem shows the boundedness of the maximal operator in grand spaces
generated by Orlicz spaces over spaces of homogenous type.

Theorem 4.6. Let (Q, d, 1) be an SHT and let w be a weight in A,(Q)N L (wdp) for some
p € (1,00). Then for every Orlicz function ¢, the mazimal Hardy—Littlewood operator
M is bounded in the grand space wLy(w du)p) whenever w is bounded on any subinterval

[&p* 1) Of (O,pf 1)

Proof. For simplicity of notation, we define the measure v by dv := wdu. Based on the
above discussion about properties of weights in the class A, weights, it follows that for
any w € A, there exists €9 € (0,p — 1) such that

[w]a,.y < 271 (4R)P0 ],

Moreover, the maximal operator M is bounded in LP(v) and

1
~ / p—1
[M||Lr@) < Eap’ [w]} "
We consider two cases: € € (0,e0] and € € (g9, p — 1). In the first case we have w € A4,_.
with 1 < [w]a, . < [w]Apr0
and, for all e € (0, g¢], we have

. Thus, the maximal operator M is bounded in L,_.(w du)

—e
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1 1

1M o2y < Calp =) [w]i’f < éq(p—eo) Wi "

= O(Q7pa ['LU]A

pP—e€Q )7

where C(£2, p, [w]a,_.,) is a constant that does not depend on € € (0, o). Consequently,

M: {w(€)L¢(V)}s€(O,E ) {w(e)Lo(v )}56(0,50)'

By the conditions imposed on w, we have xq € Lg(v). Thus, we can apply Lemma 4.2
to obtain that M is bounded in wLy(v)P). O

We prove the boundedness of Calderén—Zygmund singular operator in extrapolation
spaces generated by Orlicz spaces over SHT.

Theorem 4.7. Let 1 < g < oo and let (2, d, 1) be an SHT, and let w be a weight in Ap(2)N
LY () for some 1 < p < q. Suppose that a family of Orlicz functions {®.}.c (0, p—1) with
SUD.¢ (0, p—1) Do (1) < 00 such that t — ®_/tP~° is a non-decreasing and t — O (t)/t9 is
a non-increasing function for all € € (0, p—1). Then every Calderén—Zygmund singular
operator T is bounded in the extrapolation space A({wLs (wdp)}ec(o,p—1)) generated
by any function w: (0, p — 1) — (0,00) that is bounded on any subinterval [§, p — 1) of
(0,p—1).

Proof. For simplicity of notation, we let dv := wdu. We now apply Lemma 4.5 and its
proof to find a family {¢c}.c(,p—1) C U such that D-1(s) = pe(s'/P=2) s1/9) for all
s >0 and

Lo (v) = o(LP~*(v), L (v)),

with universal constants of equivalence of norms that do not depend on p, ¢ and . This
implies that sup.¢ (g, ,—1) ¢e(1,1) < oo and moreover {w(s)gp(Lp_s(u),Lq(u))}ee(o p1)
forms an admissible family with

A({w(e) Lo, ()} ocropony) = A{WEREP =), L)} L0

Now observe that it follows from the proof of Theorem 4.6 that there exists e € (0,p—1)
such that

sup || M||zp—<(,) < 00.
e€(0,e0)

Since p — €9 < ¢, we have w € Ay with [w]a, < [wl]a, .,

||M||Lq(l/) S C(va7 [U}]AP).

Thus, by interpolation property for Calderén—Lozanovskii space, it follows that
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A({w(e)p=(LP~(v), Lq(V))}se(o,ao)) — A({w(e)pe (L~ (v), Lq(”))}se(o@))'

Now observe that Calderén-Lozanovskii space ¢(Xp, X1) can be defined as the space of
all functions f € LO(u) such that |f] = (| fol,|f1]) for some fo € Xo, 1 € X; with the
norm

[fll = inf max{f| follxo, [ /11lx, }

where the infimum is taken over all fy € Xo, fi € X3 for which |f| = o(|fol, |f1])-
Combining this fact with proof of Lemma 4.2 (for E = L;), we easily get that for all

feA{Ls.(v)}),

sup w(é‘)||f||%(LPfe(y),Lq(u))SC(P,é‘o) sup w(‘g)Hf”apE(LP*E(u),Lq(u))
e€leo, p—1) £€(0, 20)

and whence

A({W(E)Lfbs(”)}ge( 0,p—1) ) = ({w £)pe(LP5(v), Lq(y))}ee(o,eo))'

To complete the proof we recall that by property (i) of weights in the class A,, for

€ (1,00), we have that w € A, is equivalent to w'~"" € A, with [wlfT/]Ar, = [w]z:l

This implies that the maximal operator M is bounded in L"(v))" = (L"(wdu)) =
L™ (w=""dp) with

| M|y < Crw]a,,

where C' = C(u, k). Now if we take r = p — ¢ with € € (0,&¢), we conclude that

[M|[Lr—<wy < Cp = &)[w]a, . < plwlp—cy < C(Qp, [w]a,)-

This shows that M: {LP7%(v)'}ec(0,c0) — {LP7°(V) }ee(0,e0)- Similarly, for ¢ € [p, 00),
we get (by w € Ay with [w]a, < [w]a,),

[ M]| L (wdpy < qlw]a,-

Now, by the Ko6the duality formula for Calderéon—Lozanovskii spaces, we have for all
€€ (07 50)7

(W(E)pe(LP* (), L))" = w(e) ' @(LP~* (v)', LU(v))

with universal constants of equivalence of norms (that do not depend on ¢). To finish, we
apply Theorem 4.1 for the family of functions {w(e)@e}ee(0,c,) C U to get the required
statement. 0O
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By applying Theorem 4.7, we establish the boundedness of Calder6n—Zygmund sin-
gular operator in extrapolation spaces generated by Orlicz-Zygmund spaces over SHT.
We briefly fix some required notation. For p € (1,00) and o > 0, we consider an Orlicz
function ®(¢) = tPlog™(1 + t) for ¢ > 0. Then Orlicz space Ly on any measure space
(Q,%, ) is called an Orlicz—Zygmund space and is denoted by LP log® L.

Let {®c}ee(0,p—1) be a family of Orlicz functions given by ®.(t) := t#~%log®(1 + ?)
for all ¢ > 0 and let w(e) := £ (®=°) for all € € (0,p — 1) and some 6 > 0. Then the
extrapolation space A({w(e)Le, (wdp)}ec(op—1)) is well defined. In what follows this
space is called grand Orlicz—Zygmund space and is denoted by Lﬁ,) 9 log® L.

We note that from a general result on the boundedness of the Hilbert transform H
in Orlicz spaces Lg(w dm) over [0, 1] equipped with the Lebesgue measure m, it follows
that H given by

1
f(s)
Hf(t) —p.V./t_sds
0

is bounded in the Orlicz—Zygmund space L log™ L(w dm) if (and only if) w € A,([0,1])

(see [19, Thm. 3.4.1, p. 113])).
We have the following version of the theorem for any Calderén-Zygmund singular
operator in the case of the grand Orlicz—Zygmund spaces over spaces of homogenous

type.

Theorem 4.8. Let (2,d, ) be an SHT and let w be a weight in A, () N L' (u) for some

1 < p < oo. Then every Calderon—Zygmund singular operator T is bounded in the grand

Orlicz—Zygmund space Ir)-o log™ L over (2, d, ) for all o, § > 0.

Proof. Let {®.}.c(,p—1) be a family of Orlicz functions which generate our space.

Clearly, t + ®.(t)/t??~%) = log®(1 + t) is an increasing and ¢ +» ®_(t)/tP+e) =
i(log(1+t))@
# ¢

SUD.¢(0,p—1) Po (1) < 27%. A standard calculus shows that if w is given by w(e) =
e9/(P=2) for all € € (0,p — 1), then for any § € (0,p — 1),

is a decreasing function on (0,00). Since ®-!(log®2) = 1, we have

sup w(e) = (p—1)°.
e€ld, p—1)
Thus, we conclude that the assumptions of Theorem 4.7 are satisfied with ¢ = p+ « and
thus the required statement follows. 0O
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