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a b s t r a c t

We investigate the multilinear variants of the quantities which measure the
noncompactness of multilinear operators taking values in Banach spaces with the
uniform approximation property. We show applications to multilinear variant of
the Hilbert and Riesz transform on rearrangement invariant spaces. We derive
lower estimates of the essential norm of these transforms. Along the way we obtain
also as a by-product the lower estimates of the measure noncompactness of these
transforms. As a consequence we conclude that the Hilbert and Riesz transforms
are not compact multilinear transforms.
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1. Introduction

In Banach space theory of operators the quantities which measure the noncompactness of operators play
an important role. Throughout the paper we use standard notation from Banach space theory and operator
theory. We recall that for a bounded subset A of a Banach space E the measure of noncompactness of
A, denoted by γ(A), is the infimum over all r such that A can be covered with a finite number of balls
B(x, r) := {y ∈ E; ∥x − y∥E ≤ r} with radius r > 0. We note that γ(A) can be given by the formula:

γ(A) = inf{r > 0; A ⊂ K + rBE , K compact},

where BE := B(0, 1) denotes the closed unit ball of E.
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Let E and F be Banach spaces and let L(E, F ) be the space of bounded linear operators between Banach
spaces E and F . The measure of noncompactness of an operator T ∈ L(E, F ) is given by γ(T ) = γ(T (BE)).
Clearly, γ(T ) = 0 if T is a compact linear operator and that

γ(S + T ) ≤ γ(S) + γ(T ), γ(λT ) = |λ|γ(T )

for every S, T ∈ L(E, F ) and all scalars λ. These properties imply that γ(T ) induces the norm of the coset [T ]
in the quotient Banach space L(E, F )/K(E, F ), where K(E, F ) is the space of all compact linear operators
from E into F .

The next important characteristic of the space L(E, F ) is the so-called the essential norm defined for
T ∈ L(E, F ) by

∥T∥e := ∥[T ]∥L(E,F )/K(E,F ) = inf
{

∥T − S∥E→F ; S ∈ K(E, F )
}

.

Observe that γ(T ) = γ(T − S) for arbitrary S ∈ K(E, F ) and thus

γ(T ) ≤ ∥T∥e.

We note that Lebow and Schechter [8] proved that if the Banach space F has the λ-CAP, then for every
Banach space E we have

∥T∥e ≤ λγ(T ), T ∈ L(E, F ).

We recall that a Banach space E is said to have the λ-compact approximation property (λ-CAP for short)
if for every compact subset A ⊂ E and for every ε > 0 there exists a compact operator S ∈ K(E) such that

sup
x∈A

∥Sx − x∥E ≤ ε and ∥S − I∥ ≤ λ.

A Banach space E is said to have the bounded compact approximation property (BCAP) if it has the
λ-CAP for some λ ≥ 1. For an example of a Banach space without the BCAP we refer to [9, p. 111].

We point out that in the theory of Banach spaces an important role plays the bounded approximation
property. Recall that the Banach space E is said to have the bounded approximation property (BAP for
short) if there exists λ > 0 such that for every compact subset A and for every ε > 0 one can find a finite
rank operator V : E → E with ∥V ∥ ≤ λ and

∥V x − x∥E ≤ ε, x ∈ A.

Clearly that the essential norm of T ∈ L(E, F ) is dominated by the measure of non-approximability a(T )
defined by

a(T ) := inf
{

∥T − S∥E→F ; S ∈ L(E, F ), rank(S) < ∞
}

.

The aim of the paper is to define variants of measure of noncompactness in the setting of multilinear
operators on the product of Banach spaces and show some applications to the multilinear variants of Hilbert
and Riesz transforms. We emphasize that for the results similar to those obtained in this paper for linear
operators in the classical and some non-standard Lebesgue spaces we refer to the monographs [3, Ch. V], [12]
and references cited therein.

2. Results

We first fix some notation and collect a few definitions and results that will be needed in the sequel. Let
m ≥ 2 be an integer and let X1, . . . , Xm and Y be Banach spaces. We equipped the product X1 × · · · × Xm
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with the norm ∥(x1, . . . , xm)∥ = max1≤j≤m ∥xj∥Xj
. We denote by Lm(X1 × · · · × Xm, Y ) the Banach space

of multilinear and continuous operators defined on X1 × · · · × Xm with values in Y equipped with the norm

∥T∥X1×···×Xm→Y := sup
{

∥T (x1, . . . , xm)∥Y ; (x1, . . . , xm) ∈ BX1 × · · · × BXm

}
.

In the case Y is the scalar field (R or C), we denote the space of multilinear forms by Lm(X1 × · · · × Xm).
The measure of noncompactness of T ∈ Lm(X1 × · · · × Xm) is given by

γm(T ) := γ
(
T (BX1 × · · · × BXm)

)
.

An m-linear operator T : X1 × · · · × Xm → Y is said to be compact if T (BX1 × · · · × BXm) is relatively
compact in Y ; the space of all such operators is denoted by Km(X1 × · · · × Xm, Y ). Clearly that γm(T ) = 0
if T is compact.

For any T ∈ Lm(X1, . . . , Xm, Y ), we denote the image of T by Im(T ). Since in general Im(T ) is not
a linear subspace of Y , we define rank(T ) as the dimension of [Im(T )], where [S] denotes the linear span of
a subset S in a linear vector space W .

The space of all T ∈ Lm(X1 × · · · × Xm, Y ) such that rank(T ) < ∞ is denoted by Fm(X1 × · · · × Xm, Y ).
We let

∥T∥e,m := inf
{

∥T − S∥; S ∈ Km(X1 × · · · × Xm, Y )
}

and
a(m)(T ) := inf

{
∥T − S∥; S ∈ Fm(X1 × · · · × Xm, Y )

}
.

We have the following multilinear variant of the mentioned Lebow–Schechter result in the linear setting.

Lemma 2.1. Let X1, . . . , Xm and Y be Banach spaces. Assume that Y has the λ-compact approximation
property. Then for every T ∈ Lm(X1 × · · · × Xm, Y ),

∥T∥e,m ≤ λ γm(T ).

Proof. Fix ε > 0. There exists a finite set K = {y1, . . . , yk} in Y such that

T (BX1 × · · · × BXm) ⊂ K + (γm(T ) + ε)BY .

By hypothesis there exists a compact operator P : Y → Y such that ∥P − I∥ ≤ λ and

∥Pyj − yj∥Y < ε, 1 ≤ j ≤ k.

Let x = (x1, . . . , xm) ∈ BX1 × · · · × BXm be given. Then there is a yj ∈ K such that

∥Tx − yj∥Y ≤ γm(T ) + ε.

Combining the above estimates we get

∥(T − PT )x∥Y ≤ ∥(I − P )(Tx − yj)∥Y + ∥(I − P )yj∥Y

≤ ∥I − P∥ ||∥Tx − yj∥Y + ε

≤ λ(γm(T ) + ε) + ε.

Clearly that PT ∈ Km(X1 × · · · × Xm, Y ) and so

∥T∥e,m ≤ λγm(T ) + ε(λ + 1).

Since ε is arbitrary, the required estimate follows. □
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We will need the following technical result.

Proposition 2.2. Let X1, . . . , Xm and Y be Banach spaces. Assume that Y has the bounded approximation
property. Then for every T ∈ Lm(X1 × · · · × Xm, Y ),

∥T∥e,m = a(m)(T ).

Proof. For given ε > 0, we can find S ∈ Km(X1 × · · · × Xm, Y ) such that

∥T − S∥ < ∥T∥e,m + ε/2.

Our hypothesis Y ∈ (BAP ) easily yields that there exists P ∈ Fm(X1×· · ·×Xm, Y ) such that ∥S−P∥ ≤ ε/2.
Hence

∥T − P∥ ≤ ∥T − S∥ + ∥S − P∥ ≤ ∥T∥e,m + ε.

Since ε > 0 is arbitrary, we get
a(m)(T ) ≤ ∥T∥e,m.

Clearly that ∥T∥e,m ≤ a(m)(T ) and so the proof is complete. □

We will consider Banach function lattices. Recall that if (Ω , S, µ) is a complete and σ-finite measure space,
then L0(µ) := L0(Ω , S, µ) denotes the space of all equivalence classes of real-valued measurable functions
on Ω . A Banach function lattice (E, ∥ · ∥E) on (Ω , S, µ) is defined to be a subspace of L0(µ), endowed with
a complete norm ∥ · ∥E such that there exists u ∈ E with u > 0 a.e. It is also assumed that E is an ideal
in L0(µ), i.e., if f ∈ L0(µ) satisfies |f | ≤ |g| a.e., for some g ∈ E, then f ∈ E and ∥f∥E ≤ ∥g∥E . A
Banach function lattice E is said to be order continuous whenever for every non-negative sequence (fn) in
E satisfying fn ↓ 0 we have ∥fn∥E → 0. We will use the well known and easily verifiable fact that E is order
continuous whenever for any sequence (fn) satisfying |fn| ≤ g ∈ E for each n ∈ N and fn → g µ-a.e., then
∥fn − g∥E → 0.

An important class of Banach function lattices is rearrangement invariant (r.i. for short) spaces. We recall
its definition below. Given f ∈ L0(µ), its distribution function is defined by µf (λ) = µ{t ∈ Ω ; |f(t)| > λ},
λ ≥ 0. Then a Banach lattice E on (Ω , S, µ) is a r.i. space if g ∈ E and ∥f∥E = ∥g∥E whenever µf = µg

and f ∈ E. It is well known [1,7] that for any r.i. space E we have

L1 ∩ L∞ ⊂ E ⊂ L1 + L∞

and so in particular this implies that any function f ∈ E is locally integrable. Clearly, for a r.i. space E,
∥χA∥E depends only on µ(A) for any measurable set A of finite measure. If (Ω , S, µ) is an atomless measure
space, then for every t ∈ R+ with t ≤ µ(Ω), we may define the function ϕE by ϕE(t) = ∥χA∥E , where A is
any measurable set with µ(A) = t. This function is called the fundamental function of E.

Let X be a Hausdorff topological space and B(X) the Borel subsets of X. Let Σ be a σ-algebra containing
B(X) and µ : Σ → [0, ∞] be finitely additive. We recall that A ∈ Σ is inner regular if

µ(A) = sup
{

µ(K); K ⊂ A, K compact
}

;

E ∈ Σ is outer regular if µ(A) = inf {µ(G); G ⊃ A, G open}. A is regular if A is both inner and outer
regular. A Borel measure is a measure defined on the Borel sets, which is finite on compact sets. A Borel
measure is regular if every set is outer regular and every open set is inner regular.

We also will work on metric measure spaces. We refer to [2,6] for the theory and application of these
spaces in potential theory. We recall that if (X, d) is a metric space and µ is a measure on a σ algebra B(X)
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of Borel sets, then the measure space (X, B(X), µ) denoted by (X, d, µ) is called a metric measure space. As
usual a ball with a center at x ∈ X and radius r > 0 in a metric space (X, d) is denoted by

B := B(x, r) = {y ∈ X; d(x, y) < r}.

To avoid trivial measures we will always assume throughout the paper that 0 < µ(B) < ∞ for every ball B.
Consequently, µ is σ-finite measure.

Lemma 2.3. Let X1, . . . , Xm be Banach spaces and let E be order continuous Banach function lattices on
a metric measure space (X, d, µ). If T ∈ Lm(X1 ×· · ·×Xm, E) with N = rank(T ) < ∞, then for every a ∈ X

and ε > 0, there exist S ∈ Lm(X1 × · · · × Xm, E) and 0 < r < R < ∞ such that rank(S) ≤ N ,

∥T − S∥X1×···×Xm→E ≤ ε

and supp(S(x)) ⊂ B(a, R) \ B(a, r) for all x ∈ X1 × · · · × Xm.

Proof. Let V = [Im(T )] ⊂ E with dim(V ) = N . We use Auerbach’s Lemma which states, that there are
unit basis vectors f1, . . . , fN ∈ V and unit vectors f∗

1 , . . . , f∗
N ∈ V ∗ such that

⟨fi, f∗
j ⟩ = δij , 1 ≤ i, j ≤ N.

By the Hahn–Banach Theorem, it follows that there exists φ∗
j ∈ E∗ such that φ∗

j |V = f∗
j . Since Tx ∈ V for

all x ∈ X1 × · · · × Xm,

Tx =
N∑

j=1
φ∗

j (Tx)fj =
N∑

j=1
φ∗

j ◦ T (x)fj .

Hence

T =
N∑

j=1
Bj ⊗ fj ,

where Bj := φj ◦ T ∈ Lm(X1 × · · · × Xm) with ∥Bj∥ ≤ ∥T∥ for each 1 ≤ j ≤ m. This implies that, for every
x = (x1, . . . , xm) ∈ X1 × · · · × Xm, we have

N∑
j=1

|Bj(x)| ≤ N∥T∥ ∥x1∥X1 · · · ∥xm∥Xm .

Now we fix two positive sequences {rn} and {Rn} such that rn < Rn for each n ∈ N and rn ↓ 0 and Rn ↑ ∞.
For a given a ∈ X and for each n ∈ N, we let An := B(a, Rn) \ B(a, rn). Combining fχAn → f µ-a.e. with
order continuity of E, it follows that for all f ∈ E, we have

∥f − fχAn∥E → 0 as n → ∞.

This implies that there exist positive r and R with r < R such that

∥fj − fjχB(a,R)\B(a,r)∥E ≤ ε

N∥T∥
, 1 ≤ j ≤ N.

We let gj := fjχB(a,R)\B(a,r) for each 1 ≤ j ≤ N and define

Sx :=
N∑

j=1
Bj(x)gj , x ∈ X1 × · · · × Xm.
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Clearly that S ∈ Lm(X1 × · · · × Xm, E), rank(S) ≤ N and supp(S(x)) ⊂ B(a, R) \ B(a, r) for all
x ∈ X1 × · · · × Xm. Combining the above estimates yields

∥Tx − Sx∥E ≤
N∑

j=1
|Bj(x)|∥fj − gj∥E ≤ ε

N∥T∥

N∑
j=1

|Bj(x)| ≤ ε∥x1∥X1 · · · ∥xm∥Xm

for all x = (x1, . . . , xm) ∈ BX1 × · · · × BXm . Thus ∥T − S∥ ≤ ε as required. □

We show that a large class of Banach lattices on some metric measure spaces have compact approximation
property. Before we state the result we need to introduce some more notion and definitions. Let (X, d, µ) be
a metric measure space. A µ-measurable function f : X → R is said to be locally integrable (f ∈ L1

loc(µ) for
short) if f is integrable over any balls of X. If (X, d, µ) is a measure metric space such that 0 < µ(B) < ∞,
we define the Hardy–Littlewood operator Mµ by

Mµf(x) = sup
B∋x

1
µ(B)

∫
B

|f | dµ, f ∈ L1
loc(µ),

where the supremum is taken over all balls B containing x.
It is known (see e.g., [1], P. 154) that for example, if X = Rn and µ is a Lebesgue measure, then the

maximal operator Mµ is bounded in r.i. space E if and only if upper index of E is less than 1.
A metric measure space (X, d, µ) is said to be a Vitali space if all balls in X have finite measure and if

for every set A in X and every family B of closed balls in X satisfying

inf
{

r > 0; B(x, r) ∈ F
}

= 0 for x ∈ A,

there is a countable disjoint subfamily {Bn} of B such that

µ
(

A \
⋃
n

Bn

)
= 0.

It is well known that if (X, d, µ) with µ a doubling measure, then it follows by the well known Vitali’s
theorem that X is a Vitali space (see [6, Theorem 1.6]). We note that if µ is a Radon measure on Rn, then
(Rn, µ) is also a Vitali space (see [11, Theorem 2.8]).

We recall that a measure µ is doubling if there is a constant Cµ > 0 such that for all balls µ(2B) ≤
Cµµ(B), where 2B(x, r) = B(x, 2r).

Let X be locally compact Hausdorff space. We denote by Cc(X) the space of all real-valued continuous
functions on X which have compact support. In what follows we will need the following proposition.

Proposition 2.4. Let X be a locally compact Hausdorff space and let µ be a Radon measure on B(X) and
let E ⊂ L0(µ) be order continuous Banach function lattice such that χA ∈ E for every µ-finite Borel set.
Then Cc(X) is dense in E.

Proof. Clearly, the order continuity of E implies that the set of simple functions is dense in E. If {εn} is
a positive sequence with εn ↓ 0 and s is a simple function in E, then it follows from Luzin’s theorem that
there exist a sequence {fn} of functions in Cc(X) such that except on a measurable set An with µ(An) < εn,
|fn| ≤ ∥s∥∞. This implies that, for each n, we have

∥fn − s∥E ≤ ∥s∥∞∥χAn∥E

and so fn → s in E by order continuity. □
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We are ready to prove the following result which shows that a large class of Banach lattices on metric
measure spaces have compact approximation property.

Theorem 2.5. Let (X, d, µ) be a locally compact Vitali measure metric space such that µ is a regular measure
with µ(∂B) = 0 for every ball in X. Assume that E is an order continuous Banach function lattice in L0(X, µ)
with χA ∈ E for any µ-measurable set A and that the Hardy–Littlewood maximal operator Mµ is bounded in
E. Then E has λ-compact approximation property with λ = ∥Mµ∥ + 1.

Proof. Fix ε > 0 and let f1, . . . , fN be given functions in E. By Proposition 2.4, it follows that Cc(X) is
dense in E, we may assume that fj are continuous functions with compact supports for each 1 ≤ j ≤ N . Let
K be a compact set outside which all fj vanish. The uniform continuity on K of each fj yields that there
exists δ > 0 such that, for every x, y ∈ K with d(x, y) < δ, we have

|fj(x) − fj(y)| <
ε

2∥χE∥E
, 1 ≤ j ≤ N.

Since (X, d, µ) is a Vitali space, it follows that the family B of closed balls,

B :=
{

B̄(x, r); x ∈ K, B(x, r) ⊂ int K, r ∈ (0, δ/2)
}

∪
{

B̄(x, r); x ∈ ∂K, r ∈ (0, δ/2)
}

contains a countable disjoint subfamily {B̄n}∞
n=1 such that

µ
(

K \
∞⋃

n=1
B̄n

)
= 0.

We note that d(x, y) < δ for all x, y ∈ Bn and each n ∈ N. Since every ball with center at z ∈ ∂K contains
a point from Kc, it follows by continuity of fj that fj(z) = 0 for all z ∈ ∂K and for each 1 ≤ j ≤ N .
Combining we obtain that, for each n ∈ N and each 1 ≤ j ≤ N ,

|fj(x) − fj(y)| ≤ ε

2∥χK∥E
χK(x), x ∈ Bn ∩ K, y ∈ Bn \ K.

Now we define a linear mapping S on E by

Sf :=
∞∑

n=1

(
1

µ(Bn)

∫
Bn

f dµ

)
χK∩Bn , f ∈ E.

Observe that for every x ∈ X we have

|Sf(x)| ≤
∞∑

n=1

(
1

µ(Bn)

∫
Bn

|f | dµ

)
χBn(x) ≤ Mµf(x)

and so S : E → E is bounded with ∥S∥E→E ≤ ∥Mµ∥E→E . Consequently, ∥S − I∥E→E ≤ ∥Mµ∥E→E + 1.
We claim that S is a compact operator. To see this observe that the sequence {Sn} of finite dimensional

operators given by

Snf :=
n∑

j=1

(
1

µ(Bj)

∫
Bj

f dµ

)
χK∩Bj

, f ∈ E

satisfies Snf → Sf and |Snf | ≤ S|f | ∈ E. This implies by order continuity of E that

∥Snf − Sf∥E → 0 as n → ∞.

To finish the proof it is enough to show that

∥Sfj − fj∥E ≤ ε, 1 ≤ j ≤ N.
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To see this we recall that d(x, y) < δ for all x, y ∈ Bn and each n ∈ N. Since (K ∩Bi)∩(K ∩Bk) = ∅ for each
i ̸= k and µ(K \

⋃∞
n=1 Bn) = 0, fj =

∑∞
n=1 fjχK∩Kn a.e. for each 1 ≤ j ≤ N . Combining these with the

second estimate at the beginning of the proof we obtain that, for almost all x ∈ X and for each 1 ≤ j ≤ N ,

|Sfj(x) − fj(x)| =
⏐⏐⏐⏐ ∞∑

n=1

(
1

µ(Bn)

∫
Bn

fj dµ

)
χK∩Bn(x) − fj(x)

⏐⏐⏐⏐
≤

∞∑
n=1

(
1

µ(Bn)

∫
Bn

⏐⏐fj(y) − fj(x)
⏐⏐ dµ(y)

)
χK∩Bn(x)

=
∞∑

n=1

(
1

µ(Bn)

∫
K∩Bn

⏐⏐fj(x) − fj(y)
⏐⏐ dµ(y)

)
χK∩Bn(x)

+
∞∑

n=1

(
1

µ(Bn)

∫
Bn\K

⏐⏐fj(x) − fj(y)
⏐⏐ dµ(y)

)
χK∩Bn(x)

≤ ε

∥χK∥E
χK(x)

and so the required estimate follows. □

We finish with the following an obvious remark that the condition µ(∂B) = 0 for any ball B holds in
a wide class of metric measure spaces (X, d, µ). For example, this is true whenever the function (0, dX) ∋
r ↦→ µ(B(x, r)) is continuous for every x, then µ(∂B(x, r)) = 0, where dX := supx,y∈X d(x, y). In fact we
have

∂B(x, r) ⊂ B(x, r + εn) \ B(x, r − εn)

for any sequence {εn} in (0, r − dX) with εn → 0 as n → ∞ and whence,

µ(∂B(x, r)) ≤ µ(B(x, r + εn)) − µ(B(x, r − εn)), n ∈ N.

Clearly this yields µ(∂B(x, r)) = 0.

3. Application to multilinear variant of Hilbert and Riesz transforms

In this section we apply the derived results to obtain the lower estimate of the essential norm for
multilinear variants of Hilbert and Riesz transforms bounded in r.i. Banach spaces.

For each positive integer m we define a variant of multilinear Hilbert transform Hm on L1
loc(Rm, λm)

given by the formula:

Hm(f1, . . . , fm)(x) := p.v.

∫
Rm

f1(t1) · · · fm(tm)(
(x − t1) + · · · + (x − tm)

)m dλm, x ∈ R,

where λm is the Lebesgue measure in Rm.

Theorem 3.1. Let X1, . . . , Xm and E be r.i. Banach spaces on R such that Hm ∈ Lm(X1 × · · · × Xm, E).
If E has bounded approximation property and φX1(t) · · · φXm(t) ≤ CφE(t) for all t > 0 and some C > 0,
then

∥Hm∥e,m ≥ 1
C(2m)m

.

Proof. Let δ > ∥Hm∥e,m. From Proposition 2.2, it follows that δ > a(m)(T ). Thus, by the definition, there
exists T ∈ Fm(X1 × · · · × Xm, E) such that

∥Hm − T∥ < δ.
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Applying Lemma 2.3 with a = 0, we conclude that there are positive number β > 0 and S ∈ Fm(X1 × · · · ×
Xm, E) such that

∥T − S∥ <
1
2

(
δ − ∥Hm − S∥

)
and for all f ∈ X1 × · · · × Xm,

supp(Sf) ⊂ R \ (−β, β).

Hence
∥(Hm − S)f∥E ≤ δ∥f1∥X1 · · · ∥fm∥Xm (∗)

and so for every τ ∈ (0, β),
∥χ(−τ,τ)Hmf∥E ≤ δ∥f1∥X1 · · · ∥fm∥Xm .

Now observe that for each 1 ≤ j ≤ m and for all tj ∈ (0, τ), x ∈ (−τ, 0), we have that 0 < (tj − x) < 2τ .
Then from (∗), taking fj = χ(0,τ) for all j ∈ {1, . . . , m}, it follows that

δ ∥χ(0,τ)∥X1 · · · ∥χ(0,τ)∥Xm ≥ ∥χ(−τ,0)Hmχ(0,τ)∥E

≥
χ(−τ,0)

∫
(0,τ)m

(
(x − t1) + · · · + (x − tm)

)−m
dλm


E

≥ 1
(2mτ)m

(∫
(0,τ)m

dλm

)
∥χ(−τ,0)∥E .

By hypothesis on fundamental functions we get

δ ≥ 1
C(2m)m

.

Since δ > ∥Hm∥e,m was arbitrary, the required estimate follows. □

Further, we are also interested in the estimate of the essential norm for the multilinear Riesz transform.
Let us recall (see, e.g., [5]) that for each positive integer m and for each 1 ≤ i ≤ m, an m-linear i-th Riesz
transform R

(m)
i on L1

loc(Rmn, λmn) is defined by the formula:

R
(m)
i (f1, . . . , fm)(x) := p.v.

∫
(Rn)m

∑m
j=1(xi − (yj)i)(∑m

j=1 |x − yj |2
) mn+1

2
f1(y1) · · · fm(ym) dλmn, x ∈ Rn,

where λmn is the Lebesgue measure in Rmn. Here xi and (yj)i are i-th coordinates of x and yj , respectively.
We note that if n = m = 1, then R

(1)
i is the linear Hilbert transform H. Now we are ready to prove the

following statement:

Theorem 3.2. Let X1, . . . , Xm and E be rearrangement invariant Banach spaces defined on Rn such
that R

(m)
i ∈ Lm(X1 × · · · × Xm, E) for each i ∈ {1, . . . , n}. If E has bounded approximation property and

φX1(t) · · · φXm(t) ≤ CφE(t) for all t > 0 and some C > 0, then the following estimate holds for the sum of
the m-linear Riesz transforms R(m) :=

∑n
i=1 R

(m)
i ,

∥R(m)∥e,m ≥ 1
C(2m)mnn(mn+1)/2 .

Proof. Following to the proof of Theorem 3.1 we take δ > ∥Hm∥e,m. Arguing as in the proof of Theorem 3.1
we find that the inequality

∥(R(m) − S)f∥E ≤ δ∥f1∥X1 · · · ∥fm∥Xm



V. Kokilashvili, M. Mastylo and A. Meskhi / Nonlinear Analysis 188 (2019) 70–79 79

holds for all f = (f1, . . . , fm) ∈ X1 × · · · × Xm, with supp(Sf) ⊂ Rn \ Q(0, β), where Q(0, β) is the cube
with center 0 and side length 2β.

Let 0 < τ < β and let Q := Q(0, τ). Following [4, p. 417], denote by Q′ the cubes touching Q and having
the same side length as Q, and such that xi ≥ (yj)i for any x ∈ Q and yj ∈ Q′. Then, for every x ∈ Q and
fk = χQ′ for each 1 ≤ k ≤ m, we have

R(m)(f1, . . . , fm)(x) ≥
n∑

i=1

∫
(Q′)m

∑m
j=1(xi − (yj)i)(∑m

j=1 |x − yj |
)mn+1 f1(y1) · · · fm(ym) dλmn

=
∫

(Q′)m

∑m
j=1

∑n
i=1(xi − (yj)i)(∑m

j=1 |x − yj |
)mn+1 dλmn

≥ n−1/2
∫

(Q′)m

∑m
j=1 |x − yj |(∑m

j=1 |x − yj |
)mn+1 dλmn

≥ n−1/2
∫

(Q′)m

1(∑m
j=1 |x − yj |

)mn dλmn

≥ (2τ)mnn−1/2

(4m
√

nτ)mn
= 1

(2m)mnn(mn+1)/2 .

Hence, taking fj = χQ′ , j ∈ {1, . . . , m}, we find that

δ ∥χQ′∥X1 · · · ∥χQ′∥Xm ≥
χQR(m)χQ′


E

≥ 1
(2m

√
n)mn

∥χQ∥E .

Thus we have
δ ≥ 1

C(2m)mnn(mn+1)/2

and the proof is complete. □

We conclude with the following remark that order continuous r.i. spaces have bounded approximation
property (see [10]).
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